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Three-dimensional Green’s functions and their arbitrary order derivatives in general anisotropic mag-
neto-electro-elastic materials are derived by using Fourier transform. They are analytical solutions
expressed in line integral forms, and can be evaluated by a standard numerical integration method. With
this method, we can obtain results with high accuracy. Besides, a numerical ﬁnite difference method is
also given to evaluate the second-order derivatives quickly. When setting the appropriate material coef-
ﬁcients to zero, the piezoelectric, piezomagnetic, and purely anisotropic elastic Green’s functions and
their derivatives can all be obtained from the current solutions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Green’s functions are important to the solution of many engi-
neering or physical problems. They are foundations of a lot of
numerical methods. Though they are basic and important, unfortu-
nately, there is no unique and universal Green’s functions. Green’s
functions in three-dimensional (3D) anisotropic elastic media have
been studied by many researchers, for example, by Freedholm
(1900), Willis (1965), Malen (1971), Mura and Kinoshita (1971),
Pan and Chou (1976), Sales and Gray (1998), and Phan et al.
(2005). Detailed discussions on the elastic Green’s functions in
anisotropic solids and their various applications can be found in
the literatures by Bacon et al. (1978), Mura (1987), and Ting
(1996).
In recent years, this ﬁeld has experienced tremendous and vivid
development, due to the advance of composite materials and func-
tional materials. Extensive studies have been carried out on the
static Green’s functions in anisotropic piezoelectric solids. For
transversely isotropic piezoelectric solids, an explicit solution of
3D Green’s functions in an inﬁnite media was obtained by Dunn
(1994), and closed-form solutions in inﬁnite, half-space, and two-
phase spaces were derived by Wang and Zheng (1995), Ding
et al. (1997), and Dunn and Wienecke (1996, 1999) in terms of po-
tential functions. For general anisotropic piezoelectric solids, Chen
(1993) and Chen and Lin (1993) obtained the 3D Green’s functions
and their derivatives in integral forms by Fourier transform. Mas-
ayuki and Kazumi (1997) derived the Green’s functions based on
generalized Stroh theory, and obtained an explicit expression forll rights reserved.
omthe hexagonal symmetry case. Explicit expressions were derived
by Pan and Tonon (2000) and Li and Wang (2007) using Radon
transform and Fourier transform, respectively. Pan and Yuan
(2000) and Pan (2003) also obtained the Green’s functions in bi-
materials and multi-layers using two-dimensional (2D) Fourier
transform.
Magneto-electro-elastic materials, which simultaneously have
piezoelectric, piezomagnetic, and especially magnetoelectric cou-
pling effects, have been widely used in engineering structures, par-
ticularly in smart structures and intelligent structure systems. As a
basic theoretical problem, the Green’s functions in magneto-elec-
tro-elastic media were also studied by some researchers recently.
Wang and Shen (2002) obtained a general solution of 3D problem
in transversely isotropic magneto-electro-elastic media through
ﬁve potential functions, and the solution is applied to derive the
Green’s functions in a half-space. The Green’s functions in inﬁnite,
two-phase and semi-inﬁnite spaces of transversely isotropic mag-
neto-electro-elastic solids were presented in terms of elementary
functions for the cases of distinct eigenvalues by Ding et al.
(2005), and distinct and multiple eigenvalues by Hou et al.
(2005), respectively. For a general anisotropic magneto-electro-
elastic solid, Pan (2002) derived the 3D extended Green’s functions
in an inﬁnite space using Radon transform, and in a bi-materials
using 2D Fourier transform and extended Stroh formalism. There
are some other works on Green’s functions, such as 2D problems,
inhomogeneities, various boundary conditions, and their applica-
tions, that we did not mention here.
Besides Green’s functions, in the applications of many numeri-
cal methods, the ﬁrst or even high-order derivatives of Green’s
functions are needed. Such as in the ﬁeld produced by a dislocation
loop, the displacement and stress can be written as
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with the ﬁrst derivative Gji;l0 and second derivative Gpk;lq0 of Green’s
functions are involved. In boundary integral equation method, the
displacement and stress boundary integral equations can be written
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with the Green’s function Gij, its ﬁrst derivative in Tij and Dkij, and
second derivative in Skij being involved. Supposing the Green’s
functions are known, their derivatives can be evaluated numeri-
cally. Based on the Lagrange polynomial, an interpolation method
was proposed by Pan and Tonon (2000) to calculate the ﬁrst
derivative of Green’s functions in piezoelectric materials, and also
applied to magneto-electro-elastic materials (Pan, 2002). Beside
this numerical method for the ﬁrst derivatives of Green’s func-
tions, to the author’s knowledge, there is no general solutions
available for the derivatives of Green’s functions in magneto-elec-
tro-elastic materials.
In this paper, arbitrary order derivatives of 3D Green’s func-
tions in general anisotropic magneto-electro-elastic solids are
obtained. They are exact analytical solutions in line integral
forms, and can be evaluated by a standard numerical integra-
tion method, such as Gaussian integration method. A faster
numerical ﬁnite difference method is also given to calculate
the second-order derivatives of Green’s functions. We compared
the accuracy of results and computational speed between the
two methods. It shows that when adopting sufﬁcient quadra-
ture points, we can get derivative results with high accuracy
by the integral method, while the accuracy is lower but speed
is faster by numerical ﬁnite difference method. The accuracy
of derivatives of Green’s functions can be checked by the Euler’s
relationsðxi  x0iÞGðx x0Þ;i ¼ Gðx x0Þ;
ðxi  x0iÞGðx x0Þ;ji ¼ 2Gðx x0Þ;j:
In the appendix, we re-derived the Green’s functions in magneto-
electro-elastic materials by using a more simple and convenient
method, the Fourier transform.2. Basic equations of magneto-electro-elasticity
Extending the notation introduced by Barnett and Lothe (1975),
the constitutive relations and the equilibrium equations for the
coupled magneto-electro-elastic media can be expressed as (Pan,
2002)
riJ ¼ CiJKlcKl ð1Þ
and
CiJKluK;li þ fJ ¼ 0 ð2Þ
Throughout this paper, summation over repeated lowercase and
uppercase subscripts is from 1 to 3 and 1 to 5, respectively, and a
subscript comma denotes the partial differentiation with respect to
the coordinates. The extended stress, displacement, strain and
body force are deﬁned asriJ ¼
rij; J ¼ 1;2;3;
Di; J ¼ 4;
Bi; J ¼ 5;
8><
>: uI ¼
ui; i ¼ 1;2;3
/; I ¼ 4
w; I ¼ 5
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and the extended elastic coefﬁcient tensor has the following
components:
CiJKl ¼
Cijkl; J;K ¼ 1;2;3
elij; J ¼ 1;2;3; K ¼ 4
eikl; J ¼ 4; K ¼ 1;2;3
qlij; J ¼ 1;2;3; K ¼ 5
qikl; J ¼ 5; K ¼ 1;2;3
kil; J ¼ 4; K ¼ 5 or J ¼ 5; K ¼ 4
eil; J;K ¼ 4
lil; J;K ¼ 5
8>>>>>>><
>>>>>>>:
ð4Þ
where rij, Di, and Bi are the stress, electric displacement, and
magnetic induction (i.e., magnetic ﬂux), respectively; ui, /, and
w are the elastic displacement, electric potential, and magnetic
potential, respectively; cij, Ei, and Hi are the strain, electric ﬁeld,
and magnetic ﬁeld, respectively; fi, fe, and fm are the body force,
electric charge, and magnetic charge (i.e., electric current),
respectively; Cijlm, eij, and lij are the elastic, dielectric, and mag-
netic permeability tensors, respectively; eijk, qijk, and kij are the
piezoelectric, piezomagnetic, and magnetoelectric coefﬁcients,
respectively. The material constants satisfy the following symme-
try relations:
Cijkl ¼ Cijlk ¼ Cjikl ¼ Cklij
eijk ¼ eikj; qijk ¼ qikj
kij ¼ kji; eij ¼ eji; lij ¼ lji
ð5Þ
Uncoupled solutions can be obtained by simply setting eijk, qijk, or kij
to zero.3. Derivatives of Green’s functions
The Green’s functions in magneto-electro-elastic materials have
been obtained by Pan (2002) using Random transform. In Appendix
A, we get the solution by Fourier transform which is more simpler
and more convenient.
Besides the Green’s functions, their derivatives are also neces-
sary in many cases. In this section, we will derive the ﬁrst, second
and even higher order derivatives of Green’s functions in magneto-
electro-elastic materials.
The Green’s tensor can be expressed by a surface integration
(see Eq. (A9) of Appendix A). Differentiating the equation n times
with respect to the coordinates xi1 ; xi2 ; . . . ; xin , leads to
GKM;i1 i2 inðxÞ ¼
1
8p2
Z
S2
dðnÞðn  xÞ ni1 ni2    nin ðnnÞ1KMdSðnÞ ð6Þ
with dS being the surface element on the unit sphere S2 in the n
sphere.
Since dSðnÞ ¼ dðn  xÞd/, with x ¼ x=jxj and / being an angle
staringarbitraryon theplaneperpendicular tox (seeFig.A1),wehave
GKM;i1 i2 inðxÞ¼
1
8p2
Z 1
1
dðnÞðn xÞdðn  xÞ
Z 2p
0
ni1
ni2   ninðnnÞ1KMd/ ð7Þ
Using the property dðnÞðaxÞ ¼ dðnÞðxÞ=aðnþ1Þ and R11 dðnÞðxÞf ðxÞ
dx ¼ ð1ÞðnÞf ðnÞð0Þ, we arrive at
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where S1 is the unit circle on S2 intersected by the plane p perpen-
dicular to x (see Fig. A1).
Let n andm be any two orthogonal unit vectors on the perpen-
dicular plane p to x, a unit vector n can be write as
n ¼ cos hxþ sin h cos/nþ sin h sin/m
where h is theanglebetween n andx, and/ is the anglebetweenn and
the projection of n on the plane p. For n on the plane p, h ¼ p=2, we
have
n ¼ cos/nþ sin/m; @
ni
@h

h¼p2
¼ xi; @ð
n  xÞ
@h

h¼p2
¼ 1 ð9Þ
and
@ ni
@ðn  xÞ

h¼p2
¼ xi ð10Þ
Changing the variables in Eq. (8) and using Eq. (10), the deriva-
tives of GKM are obtained as
GKM;i1 i2 in ðxÞ ¼
ð1Þn xl1 xl2    xln
8p2xnþ1
I
S1
@½ni1ni2    nin ðnnÞ1KM
@ nl1@
nl2    @ nln
d/: ð11Þ
We can see from this expression, the derivative of ðnnÞ1KM is re-
quired. Differentiating ðnnÞJK ¼ CiJKlninl and ðnnÞ1KMðnnÞMN ¼ dKN with
respect to ns
@ðnnÞJK
@ns
¼CiJKlðdisnlþdlsniÞ;@ð
nnÞ1KM
@ns
ðnnÞMNþðnnÞ1KM
@ðnnÞMN
@ns
¼0 ð12Þ
we have
@ðnnÞ1KM
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@ðnnÞLN
@ns
ðnnÞ1NM ¼ðnnÞ1KL ðnnÞ1NMCpLNqðdpsnqþdqsnpÞ
ð13Þ
After being differentiated further, higher order derivatives of
ðnnÞ1KM can be obtained.
Substituting the derivatives of ðnnÞ1KM into Eq. (11), the deriva-
tives of Green’s functions can be obtained and expressed in line
integral forms. The ﬁrst two derivatives of Green’s functions are
GKM;iðxÞ ¼ 18p2x2
I
S1
xiðnnÞ1KM þ ni ðxnÞLN þ ðnxÞLN
 n
 ðnnÞ1KL ðnnÞ1NM
o
d/ ð14Þ
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I
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n
þ ðnxÞLN
þ ninjðxxÞLNðnnÞ1KL ðnnÞ1NM
þ ninj ðxnÞLN þ ðnxÞLN
  ðxnÞST þ ðnxÞST 
 ðnnÞ1KS ðnnÞ1TL ðnnÞ1NM
o
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where the notation ðABÞJK ¼ CiJKlAiAl is used.
The current expressions for Green’s functions and their deriva-
tives can be reduced to the results in piezoelectric media (Chen and
Lin, 1993) and purely elastic media (Mura, 1986 and Bacon et al.,
1979) by setting the appropriate material coefﬁcients to zero.
Since ðnnÞKM is symmetric, the Green’s tensor GKM is also sym-
metric, and we need only to calculate 15 out of its 25 components.
From the integral solutions of Green’s functions and their deriv-
atives, we have
GKMðx;x0Þ ¼ GKMðx x0Þ ¼ GMKðx x0Þ ¼ GKMðx0  xÞ
GKM;iðx x0Þ ¼ GMK;iðx0  xÞ ¼ GKM;i0 ðx x0Þ
GKM;ijðx x0Þ ¼ GMK;ijðx0  xÞ ¼ GKM;i0j0 ðx x0Þ ð16Þ
GKM;i1 i2 in ðx x0Þ ¼ ð1ÞnGMK;i1 i2 inðx0  xÞ
¼ ð1ÞnGKM;i1 0i2 0in 0ðx x0Þ4. Numerical method and examples
Besides the Green’s functions, their arbitrary order derivatives
are also obtained. They are analytical solutions in line integral
forms, and can be evaluated either by Cauchy’s residual theorem
or by a standard numerical integration.
When applying Cauchy’s residual theorem, one needs to know
the roots of the determinant of ðnnÞKM , which is a tenth-order poly-
nomial with ﬁve pairs of conjugate roots. Since usually there is no
closed-form solution available for these roots, numerical computa-
tion is required and it is time consuming. In case of degenerate
materials, the determinant of ðnnÞKM has multiple roots. Addition-
ally, in the integral solutions of the derivatives, there exist terms
such as ðnnÞ1KL  ðnnÞ1NM , etc., the determinants of these terms have
multiple roots also. If there are multiple roots in the denominator
of integral expression, the solutions based on the residual theorem
need to be treated specially. While, a direct numerical integral
method can pass smoothly into this case, so we will use Gauss inte-
gration method to evaluate the line integral solutions of the
Green’s functions and their derivatives.
Once the solution for Green’s functions are available, their
derivatives can also be calculated through some kind of numerical
methods. A numerical interpolation method, a ﬁnite difference
method indeed, is proposed by Pan and Tonon (2000) and applied
to evaluate the ﬁrst derivatives of Green’s functions (Pan, 2002), as
GKM;1ðxÞ  12h ½GKMðx1 þ h; x2; x3Þ  GKMðx1  h; x2; x3Þ
GKM;2ðxÞ  12h ½GKMðx1; x2 þ h; x3Þ  GKMðx1; x2  h; x3Þ
GKM;3ðxÞ  12h ½GKMðx1; x2; x3 þ hÞ  GKMðx1; x2; x3  hÞ
ð17Þ
where the interval is chosen as h ¼ r  106 with r being the dis-
tance between the ﬁeld and source points.
In light of this, we can evaluate the second derivatives by a
high-order ﬁnite difference method as
GKM;11 1
h2
½GKMðx1þh;x2;x3Þ2GKMðx1;x2;x3ÞþGKMðx1h;x2;x3Þ
GKM;22 1
h2
½GKMðx1;x2þh;x3Þ2GKMðx1;x2;x3ÞþGKMðx1;x2h;x3Þ
GKM;33 1
h2
½GKMðx1;x2;x3þhÞ2GKMðx1;x2;x3ÞþGKMðx1;x2;x3hÞ
GKM;12 1
h2
½GKMðx1þh;x2þh;x3ÞGKMðx1þh;x2;x3Þ
 GKMðx1;x2þh;x3ÞþGKMðx1;x2;x3Þ
GKM;13 1
h2
½GKMðx1þh;x2;x3þhÞGKMðx1þh;x2;x3Þ
 GKMðx1;x2;x3þhÞþGKMðx1;x2;x3Þ
GKM;23 1
h2
½GKMðx1;x2þh;x3þhÞGKMðx1;x2þh;x3Þ
 GKMðx1;x2;x3þhÞþGKMðx1;x2;x3Þ
ð18Þ
As a benchmark, we choose the same example as in the work of
Pan (2002), i.e. a transversely isotropic magneto-electro-elastic
material in which the axis of the material symmetry is parallel to
the x3-axis. With the elastic and piezoelectric properties being
those of the piezoelectric material BaTiO3 and the piezomagnetic
coefﬁcients being taken from the magnetostrictive CoFe2O4, the
material constants are given by Huang and Kuo (1997) and Pan
(2002), and listed in Appendix B.
We choose the source point at x0 = (0, 0, 1m) and the ﬁeld point
at x = (1m, 1m, 0). To evaluate the line integral solution, i.e. Eq.
(A12), of Green’s tensor, 32 Gauss quadrature points are adopted.
Table 1
Green’s functions GKM .
KM Solutions of Pan (2002) Present results
11 7.7141370E  13 7.7141369E  13
12 1.2027080E  13 1.2027080E  13
13 1.2945921E  13 1.2945921E  13
14 1.0347228E  04 1.0347228E  04
15 4.2667071E  06 4.2667071E  06
22 7.7141370E  13 7.7141369E  13
23 1.2945921E  13 1.2945921E  13
24 1.0347228E  04 1.0347228E  04
25 4.2667071E  06 4.2667071E  06
33 4.8476833E  13 4.8476833E  13
34 5.0073977E  04 5.0073977E  04
35 2.4195755E  05 2.4195754E  05
44 3.4041791E + 06 3.4041791E + 06
45 2.9749049E + 04 2.9749049E + 04
55 4.1918948E + 03 4.1918948E + 03
Table 3
The second derivatives of Green’s functions GKM;11 by present integral method with
different Gauss quadrature points N.
KM N ¼ 16 N ¼ 32 N ¼ 32 10
11 1.4366017E  13 1.4365877E  13 1.4365877E  13
12 1.5450647E  13 1.5450716E  13 1.5450716E  13
13 1.7196174E  13 1.7195973E  13 1.7195973E  13
14 1.3825157E  04 1.3824985E  04 1.3824985E  04
15 6.2026863E  06 6.2025602E  06 6.2025602E  06
22 7.7144853E  14 7.7145016E  14 7.7145016E  14
23 7.9208367E  14 7.9207881E  14 7.9207881E  14
24 5.9196622E  05 5.9196098E  05 5.9196098E  05
25 4.7611815E  07 4.7622123E  07 4.7622123E  07
33 8.9883074E  15 8.9902480E  15 8.9902480E  15
34 7.1716259E  08 7.3624860E  08 7.3624860E  08
35 6.0658088E  06 6.0655213E  06 6.0655213E  06
44 6.6004796E + 04 6.6003007E + 04 6.6003007E + 04
45 5.0620022E + 03 5.0617772E + 03 5.0617772E + 03
55 2.12670613E + 02 2.1266711E + 02 2.1266711E + 02
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tion of Pan (2002). In the table, the units for the elastic displace-
ment, electric and magnetic potentials are in m, V, and C/s,
respectively, and only the independent upper diagonal compo-
nents of the Green’s functions are listed. It is observed that the re-
sults by the present Gauss integral method are in excellent
agreement with those by the residual theorem.
For the ﬁrst derivatives of Green’s functions, we evaluate the
line integral solution, i.e. Eq. (14), by Gauss integration. The results
(only some components of GKM;i) are shown in Table 2 with differ-
ent Gauss quadrature points N being adopted, together with the re-
sults by the numerical formula (17) for comparison. It can be seen
that both methods can get highly accurate results with seven sig-
niﬁcant digits by the present method when Gauss quadrature
points N P 32, and by the numerical method with the ﬁnite differ-
ence interval h ¼ r  106. Since the line integral solution is an
analytical one, we can get more accurate results by increasing
Gauss quadrature points, while it is difﬁcult by the numerical dif-
ference method. The computation time shows that both methods
are very fast, and the ﬁnite different method is faster.
For the second derivatives of Green’s functions, the results (only
some components of GKM;ij) obtained by the line integral solution,
Eq. (15) are shown in Table 3 with different Gauss quadrature
points N. It can be seen that we can get high accurate results with
seven signiﬁcant digits when N P 32. The results evaluated by the
numerical formula (18) are shown in Table 4 with different differ-
ence interval h. It can be seen that the best value of the interval
now is h ¼ r  105, and the accuracy of the results is low, suchTable 2
First derivatives of Green’s functions GKM;1.
KM Present solution
N ¼ 16 N ¼ 32
11 9.8606637E  14 9.8606629E  14
12 4.9345547E  15 4.9344542E  15
13 3.8751909E  15 3.8754001E  15
14 4.7491601E  06 4.7493000E  06
15 1.4035512E  06 1.4035376E  06
22 3.3914833E  13 3.3914823E  13
23 1.2558357E  13 1.2558381E  13
24 9.8722792E  05 9.8722976E  05
25 2.8631680E  06 2.8631695E  06
33 1.9556160E  13 1.9556104E  13
34 1.8933600E  04 1.8933557E  04
35 1.1710103E  05 1.1710103E  05
44 1.1785285E + 06 1.1785289E + 06
45 1.3078000E + 04 1.3077996E + 04
55 1.5677577E + 03 1.5677552E + 03as G34;11, only with three signiﬁcant digits. The computational time
of the two methods shows that the ﬁnite different method is faster.
There is another way to check for the accuracy of the deriva-
tives. Since the Green’s tensor Gðx x0Þ is homogeneous of de-
gree-1 in jx x0j, it follows the Euler’s relations
ðxi  x0iÞGðx x0Þ;i ¼ Gðx x0Þ; ðxi  x0iÞGðx x0Þ;ji ¼ 2Gðx x0Þ;j
In Table 5, results of the second derivatives by the present
Gauss integral method and numerical difference method are
checked by the Euler’s relation. It can be seen that the present re-
sults are more accurate than those obtained numerically.
5. Conclusions
By applying Fourier transform, three-dimensional Green’s func-
tions and their high-order derivatives in general anisotropic mag-
neto-electro-elastic materials are derived and expressed in line
integral forms. The Green’s tensor is the same as that obtained
by Pan and Tonon (2000) using Radon transform, but the Fourier
transform method used in this paper is more simpler and more
convenient. The integral solutions for the Green’s functions and
their derivatives can be evaluated either by residual theorem or
by a standard numerical integration method. When applying resid-
ual theorem, the integral solutions can be obtained explicitly. But
for the derivatives of Green’s functions or for degenerate materials,
the residues are not simple poles but multiple roots, thus the appli-
cation of residual theorem will be complex. While, when evaluat-Numerical solution
N ¼ 32 10 h ¼ r  106
9.8606629E  14 9.8606629E  14
4.9344542E  15 4.9344543E  15
3.8754001E  15 3.8754002E  15
4.7493000E  06 4.7493001E  06
1.4035376E  06 1.4035376E  06
3.3914823E  13 3.3914823E  13
1.2558381E  13 1.2558381E  13
9.8722976E  05 9.8722976E  05
2.8631695E  06 2.8631695E  06
1.9556104E  13 1.9556104E  13
1.8933557E  04 1.8933557E  04
1.1710103E  05 1.1710103E  05
1.1785289E + 06 1.1785289E + 06
1.3077996E + 04 1.3077996E + 04
1.5677552E + 03 1.5677552E + 03
Table 4
The second derivatives of Green’s functions GKM;11 by numerical method with different interval h.
KM Integral solution Numerical solution
N ¼ 32 h ¼ r  104 h ¼ r  105 h ¼ r  106
11 1.4365877E  13 1.4365867E  13 1.4365879E  13 1.4366040E  13
12 1.5450716E  13 1.5450722E  13 1.5450716E  13 1.5450703E  13
13 1.7195973E  13 1.7195979E  13 1.7195974E  13 1.7196079E  13
14 1.3824985E  04 1.3824989E  04 1.3824984E  04 1.3824924E  04
15 6.2025602E  06 6.2025555E  06 6.2025604E  06 6.2025682E  06
22 7.7145016E  14 7.7144656E  14 7.7145011E  14 7.7143876E  14
23 7.9207881E  14 7.9207671E  14 7.9207884E  14 7.9208197E  14
24 5.9196098E  05 5.9195935E  05 5.9196099E  05 5.9196535E  05
25 4.7622123E  07 4.7622414E  07 4.7622129E  07 4.7623016E  07
33 8.9902480E  15 8.9900595E  15 8.9902406E  15 8.9869518E  15
34 7.3624860E  08 7.3457588E  08 7.3653468E  08 7.4448549E  08
35 6.0655213E  06 6.0655052E  06 6.0655200E  06 6.0654109E  06
44 6.6003007E + 04 6.6002021E + 04 6.6003192E + 04 6.6006228E + 04
45 5.0617772E + 03 5.0617610E + 03 5.0617767E + 03 5.0617559E + 03
55 2.1266711E + 02 2.1266555E + 02 2.1266716E + 02 2.1265044E + 02
Table 5
The accuracy of the second derivatives is checked by the Euler’s relation.
KM 2GKM;1 ðxi  x0iÞGKM;1i
Integral solution Numerical solution
11 1.9721326E  13 1.9721326E  13 1.9722611E  13
12 9.8689085E  15 9.8689085E  15 9.8461965E  15
13 7.7508003E  15 7.7508003E  15 7.7524864E  15
14 9.4986001E  06 9.4986001E  06 9.4972636E  06
15 2.8070753E  06 2.8070753E  06 2.8051077E  06
22 6.7829646E  13 6.7829646E  13 6.7828792E  13
23 2.5116761E  13 2.5116761E  13 2.5113582E  13
24 1.9744595E  04 1.9744595E  04 1.9742236E  04
25 5.7263389E  06 5.7263389E  06 5.7267222E  06
33 3.9112208E  13 3.9112208E  13 3.9107335E  13
34 3.7867114E  04 3.7867114E  04 3.7863300E  04
35 2.3420205E  05 2.3420205E  05 2.3415217E  05
44 2.3570577E + 06 2.3570577E + 06 2.3568821E + 06
45 2.6155992E + 04 2.6155992E + 04 2.6151338E + 04
55 3.1355104E + 03 3.1355104E + 03 3.1351479E + 03
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the calculation can pass smoothly into these cases. We used Gauss
quadrature method to evaluate the integral solutions of Green’s
functions and their derivatives. When the Gauss quadrature points
are greater than 32, we can get high accurate results. The deriva-
tives of Green’s functions can also be calculated by ﬁnite difference
method. This numerical method is faster. But the accuracy of the
results crucially depends on the experience choice of the ﬁnite dif-
ference interval, and for high-order derivatives, the accuracy is
low. The accuracy of derivatives of Green’s functions can be
checked by the Euler’s relations.
The present solutions reduce to those in piezoelectric materials
when the magnetic effects are ignored, and to those in anisotropic
elastic materials if both magnetic and electric effects ignored.
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Appendix A. Green’s functions of magneto-electro-elasticity
In this appendix, we derive the Green’s functions in an aniso-
tropic magneto-electro-elastic solid by Fourier transform. The ex-tended Green’s functions (a 5 5 tensor) GKMðx;x0Þ are deﬁned as
the extended displacements uKðxÞ at a ﬁeld point x caused by an
extended unit point force fM at a source point x0. They are the fun-
damental solution of Eq. (2), satisfying the equilibrium equation as
CiJKlGKM;liðx;x0Þ þ dJMdðx; x0Þ ¼ 0 ðA1Þ
with dJM being the ﬁfth-rank Kronecker delta, and dðx;x0Þ, the Dirac-
delta function.
Taking the Fourier transform
eGKMðnÞ ¼
Z Z Z 1
1
GKMðx; x0Þeixn dx1 dx2 dx3 ðA2Þ
to Eq. (A1), we have
CiJKlnlnieGKMðn; x0Þ ¼ dJMeix0 ðA3Þ
Deﬁning the second rank tensor ðnnÞKM by the contraction
operation
ðnnÞJK ¼ CiJKlninl ðA4Þ
Eq. (A3) can be written as
ðnnÞJK eGKMðn;x0Þeix0 ¼ dJM ðA5Þ
By solving the algebraic equations, the Green’s tensor in the trans-
formed domain is obtained as
eGKMðn;x0Þeix0 ¼ ðnnÞ1KM ¼ AKMðnÞDðnÞ ðA6Þ
where ðnnÞ1KM , AKMðnÞ, and DðnÞ are the inverse matrix, adjoint matrix
and determinant of ðnnÞKM , respectively; AKMðnÞ and DðnÞ are eighth
and tenth-degree polynomials, respectively.
By applying the Fourier inverse transform, we arrive at
GKMðx; x0Þ ¼ 1ð2pÞ3
Z Z Z 1
1
ðnnÞ1KMeiðxx
0 Þn dn1 dn2 dn3 ðA7Þ
It can be seen that the Green’s functions only depend on the dis-
tance betweenx andx0.Without loss of generality,x0 is taken as zero.
Deﬁne the volume element dn ¼ n2 dn, where n ¼ jnj and dS is
the surface element on the unit sphere S2 in the n sphere, centered
at the origin of the coordinates ni (see Fig. A1).
By denoting n ¼ n=n, Eq. (A7) can be expressed in the spherical
coordinates as
GKMðxÞ ¼ 1
2ð2pÞ3
Z 1
1
dn
Z
S2
ðnnÞ1KMein
nx dSðnÞ ðA8Þ
1x
S2
o
dS
S1 2
3
Fig. A1. The unit sphere S2 in the n-space. Green’s functions at point x is expressed
by a line integral along S1 which lies on the plane perpendicular to x.
3410 X. Han / International Journal of Solids and Structures 46 (2009) 3405–3411During the derivation, ðnnÞ1KM ¼ n2ðnnÞ1KM and ðnnÞ1KM being even
function of n have been used.
Integrating Eq. (A8) with respect to n, and using the property
dðxÞ ¼ 12p
R1
1 e
inx dn, we have
GKMðxÞ ¼ 18p2
Z
S2
dðn  xÞðnnÞ1KM dSðnÞ ðA9Þ
Denoting the angle between n and x by h, an angle staring arbi-
trary on the plane perpendicular to x by / (see Fig. A1), and
x ¼ x=x, x ¼ jxj, we have
n  x ¼ cos h; dðn  xÞd/ ¼  sin hdh;
dSðnÞ ¼ sin hdhd/ ¼ dðn  xÞd/ ðA10Þ
Eq. (A9) becomes
GKMðxÞ ¼ 18p2
Z 1
1
dðn  xÞdðn  xÞ
Z 2p
0
ðnnÞ1KMd/ ðA11Þ
Using the feather dðaxÞ ¼ dðxÞ=a and R11 dðxÞf ðxÞdx ¼ f ð0Þ, the
Green’s tensor is obtained in a line integral form as
GKMðxÞ ¼ 18p2x
I
S1
ðnnÞ1KMd/ ¼
1
8p2x
I
S1
AKMðnÞ
DðnÞ d/ ðA12Þ
where S1 is the unit circle on S2 intersected by the plane perpendic-
ular to x (see Fig. A1).
The same result Eq. (A12) was obtained by Pan (2002) using
applying Radon transform. This integration can be evaluated by
Cauchy’s residual theorem or by a standard numerical
integration.Appendix B. Material constants
(1) Elastic constants
½C ¼
166 77 78 0 0 0
166 78 0 0 0
162 0 0 0
43 0 0
symm: 43 0
44:5
2
666666664
3
777777775
ð109 N=m2Þ
(2) Piezoelectric constants½e ¼
0 0 0 0 11:6 0
0 0 0 11:6 0 0
4:4 4:4 18:6 0 0 0
2
64
3
75 ðC=m2Þ
(3) Dielectric permeability coefﬁcients
½e ¼
11:2 0 0
0 11:2 0
0 0 12:6
2
64
3
75 ð109C=V mÞ
(4) Piezomagnetic constants
½q ¼
0 0 0 0 550 0
0 0 0 550 0 0
580:3 580:3 699:7 0 0 0
2
64
3
75 ðN=A mÞ
(5) Magnetoelectric coefﬁcientskði; jÞ ¼ 0 (for i; j ¼ 1;3) (inN s/V C)
(6) Magnetic permeability coefﬁcients
½l ¼
5 0 0
0 5 0
0 0 10
2
64
3
75 ð106 N s2=C2Þ
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